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In the previous paper [18], we gave a construction of stable equivaleces between
suitable symmetric algebras which are not of the form of trivial extension algebras
generaUy. In this note, by showing our proof of the theorem given by Gabriel and
Riedtmann [6], we explain how such a construction of stable equivalent functors can
be used in the modular representation theory of finite groups.
stable equivalences 1 ,









$\Lambda$ . basic . $J(\Lambda)$ $\Lambda$ Jacobson
, $\Lambda=A\oplus J(\Lambda)$ $A$ . $A$ ,
. $S$ . $\Lambda$ socle , $J(\Lambda)=M\oplus S$
$M$ . A- . A-
, $S\cong D(A)$ , A
$\varphi:M\cross Marrow M,$ $\psi$ : $M\cross Marrow S$
,
$\varphi$ : A $M\otimes_{A}M_{A}arrow AMA,$ $\psi$ : A $M\otimes_{A}M_{A}arrow AD(A)_{A}$
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$A$- . , A $(A, AM_{A}, \varphi, \psi)$
, 1 . $(A, AMA\varphi, \psi)$
$\Lambda=A\oplus M\oplus D(A)$ 5
.
(1) $\varphi$ associative , , $\varphi(\varphi(m_{1}\otimes m_{2})\otimes m_{3})=\varphi(m_{1}\otimes\varphi(m_{2}\otimes m_{3}))$;
(2) $\psi$ \varphi -associative , , $\psi(\varphi(m_{1}\otimes m_{2})\otimes m_{3})=\psi(m_{1}\otimes\varphi(m_{2}\otimes m_{3}))$;
(3) $\varphi$ nilpotent , , $\varphi$ $M$ $M$ ;
(4) $\psi$ non-degenerate , , $\psi(m\otimes M)=0$ $\psi(M\otimes m)=0$ $m=0$ ;
(5) $\psi(m_{1}\otimes m_{2})(1)=\psi(m_{2}\otimes m_{1})(1)$ .
5 $A$ \langle semi-simple
. , A $(A, AMA, \varphi, \psi)$
. 5 , (1),(2) A , (3)
Jacobson $J(\Lambda)=M\oplus D(A)$ , (4),(5) $\Lambda$
. , $\chi$ : $AMAarrow\sim AD(M)_{A}$
$\chi(m_{1})(m_{2})=\chi(m_{2})(m_{1})$ .
, $\Lambda=A\oplus M\oplus D(A)$ $A$
. $X_{\Lambda}$ . $A$ A , $X_{A}$ . , A $X$
$\alpha$ : $X\cross Marrow X,$ $\beta$ : $X\cross D(A)arrow X$
,
$\alpha$ : $X\otimes_{A}M_{A}arrow X_{A},$ $\beta$ : $X\otimes_{A}D(A)_{A}arrow X_{A}$
4 .
(6) $\alpha\cdot(\beta\otimes M)=0$ ;
(7) $\beta\cdot(\alpha\otimes D(A))=0$ ;
(8) $\beta\cdot(\beta\otimes D(A))=0$ ;
(9) $\alpha\cdot(\alpha\otimes M)=\alpha\cdot(X\otimes\varphi)+\beta\cdot(X\otimes\psi)$.
, $(X_{A}, \alpha, \beta)$ 4 ,
$x\cdot(a, m, s)=x\cdot a+\alpha(x\otimes m)+\beta(x\otimes s)$
$(a, m, s)\in$ A $\Lambda-$ . , $\Lambda-$
4 $(X_{A}, \alpha, \beta)$ . ,
$Hom$ ,
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$\alpha$ : $X_{A}arrow Hom_{A}(M, X)_{A},$ $\beta$ : $X_{A}arrow Hom_{A}(D(A), X)_{A}$
, $Hom$
. , $\Lambda-$ A-
. , $(X_{A}, \alpha_{X}, \beta_{X}),$ $(Y_{A}, \alpha_{Y}, \beta_{Y})$ $\Lambda-$ ,
A- $f$ : $X_{A}arrow Y_{A}$ 2 A- .
(10) $f\cdot\alpha_{X}=\alpha_{Y}\cdot(f\otimes M)$;
(11) $f\cdot\beta_{X}=\beta_{Y}\cdot(f\otimes D(A))$ .
2
,
. , (1) $\sim(5)$
$(_{A}M_{A}, \varphi, \psi)$ .
$K[Y]=K[Y_{1}, Y_{2}, \cdots, Y_{n}]$ $R=K[Y]/I$
. , $I$ $K[Y]$ . , $V=$
rad(R)/soc(R) $R$
$\varphi_{0}$ : $V\otimes Varrow V,$ $\psi_{0}$ : $V\otimes Varrow K$
, $(\varphi_{0}, \psi_{0})$ 5 . $X_{A}$ , $E_{X}=$
En$d(X_{A})\cong AD(X)\otimes X_{A}$ . $E_{X}$ , $A1_{A}^{jX}=$
$V\otimes E_{X}$ , $E_{X}$ $E_{X}arrow\sim D(E_{X})$ non-degenerate
$A(Ex\otimes_{A}E_{X})_{A}arrow AD(A)_{A}$ , $\varphi$ : $AV^{X}\otimes_{\dot{A}}V_{A}^{X}arrow AV^{X}A$
$\psi$ : $AV^{X}\otimes_{A}V_{A^{X}}arrow AD(A)_{A}$ , 5 .
. $K[Y]$ 1 ,
$R=K[Y]/(Y^{n+1})$
, $V=(Y)/(Y^{n+1})=K\cdot Y\oplus K\cdot Y^{2}\oplus\cdots\oplus K\cdot Y^{n}$ , $M=$
$V^{X},$ $\Lambda=A\oplus M\oplus D(A)$ ,
$\Lambda_{\Lambda}=[$ $X_{A}^{A\}_{A}n}X^{A}AX^{A}D(A]$
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. , $A$ basic , $e_{1},$ $e_{2},$ $\cdots,$ $e_{\ell}$





. $e_{1}\Lambda$ $e_{t}\Lambda$ $X_{A}$ $n$ , trivial extension
. exceptional cycle 1 Brauer
quiver A . multiplicity $n+1$ . multiplicity
cycle 1 arrow quiver (zero relation
) $A$ . $A$ A-type iterated tilted algebra
. ,
$1arrow 2arrow\cdotsarrow t$




, $(M_{j}, \varphi_{i}, \psi_{i})$ $A$ (1) $\sim(5)$
, $\oplus(M_{i}, \varphi_{i}, \psi_{i})$ . ,
, exceptional cycles Brauer quiver






stable functor (generalized tilting module)
, .
2 $T_{A}$ :
(T1) $i\geq 1$ Ext $(T_{A}, T_{A})=0$ ;
(T2) $i=0,1,2,$ $\cdots$ $T_{1}\in add(T_{A})$ , $Hom(?, T_{A})$
$0arrow A_{A}arrow T_{0}arrow T_{1}arrow T_{2}arrow\cdots\cdots$
.
, $T_{A}$ $B=End(T_{A})$ . $BT$ End$(BT)=A$
. , $AD(T)_{B}$ . $BTA$ mod-A, mod-B
( ) $C(T_{A}),$ $\mathcal{D}(D(T_{B}))=D(C(BT))$ ,
$Hom(T, ?),$ $(?\otimes_{B}T_{A})$ . $H$ appel-Ringel
, $pd(BT)\leq 1$ $pd(T_{A})\leq 1$
, $pd(BT),$ $pd(T_{A})$
. , $X_{A},$ $Y_{B}$ ,
$0arrow X_{A}arrow V_{A}arrow W_{A}arrow 0$
$0arrow K_{B}arrow U_{B}arrow Y_{B}arrow 0$
$V\in C(T_{A}),$ $W\in \mathcal{P}C(T_{A})$ $U\in \mathcal{D}(D(T)_{B}),$ $K\in \mathcal{I}D(D(T)_{B})$
. , $\mathcal{M}$ $\mathcal{P}\mathcal{M},$ $\mathcal{I}\mathcal{M}$
:
$P\mathcal{M}=\{P|Ext^{1\geq 1}(P,W)=0\},$ $\mathcal{I}_{d}W=\{I|Ext^{i\geq 1}(M, I)=0\}$ .
$PC(T_{A})\subseteq \mathcal{D}(T_{A}),$ $\mathcal{I}D(T_{A})\subseteq C(T_{A})$ $\mathcal{I}\mathcal{P}C(T_{A})=C(T_{A}),$ $\mathcal{P}\mathcal{I}\mathcal{D}(T_{A})=$
$\mathcal{D}(T_{A})$ . , $Hom(AD(T)_{B}, ?),$ $(?\otimes_{A}D(T)_{B})$








$BT_{\text{ }}$ , $G_{A}\in \mathcal{D}(T_{A}),{}_{B}H={}_{B}Hom(G, T)\in \mathcal{D}(BT)$ . ,
$A$ $D(T)\otimes_{B}H\otimes G_{A}\cong$ $AD(G)\otimes G_{A}\cong$ $AEnd_{K}(G)$
. ,
${}_{B}H\otimes G\otimes_{A}D(T)_{B}\cong {}_{B}H\otimes D(H)_{B}\cong BEnd_{K}(H)_{B}$
. , 2 ,
$\varphi_{0}:V\otimes Varrow V,$ $\psi_{0}:V\otimes Varrow K$
$\varphi_{A}$ : A $V^{G}\otimes_{A}V_{A^{G}}arrow$ A $V_{A}^{G}$ , $\psi_{A}$ : $A$ $V^{G}\otimes_{A}V_{A^{G}}arrow$ $D(A)_{A}\cong$ $A$ $D(T)\otimes_{B}T_{A}$
$\varphi_{B}$ : $BV^{H}\otimes_{B}V_{B^{H}}arrow$ $BV_{B^{H}}$ , $\psi_{B}$ : $BV^{H}\otimes_{B}V_{B}^{H}arrow$ $BD(B)_{B}\cong$ $BT\otimes$ $D(T)_{B}$
. , $G_{A},{}_{B}H$ ,
$\Lambda=A\oplus(D(T)\otimes_{B}H\otimes G)\oplus D(A)$ ,
$\Gamma=B\oplus(H\otimes G\otimes_{A}D(T))\oplus D(B)$
$(\varphi_{A}, \psi_{A}),$ $(\varphi_{B}, \psi_{B})$ , A $\Gamma$ stable
equivalence .
$G_{A},{}_{B}H$ . $f\in B,$ $e\in A$ ,
$fT_{A}\cong eA_{A}$ , $BTe\cong BBf$ . , $H=Bf\cong Te,$ $G=eA\cong$
$fT$ . exceptional vertex 1 Brauer quiver
(DJK-algebra) , $V$ $(Y)/(Y^{n+1})\subseteq K[Y]/(Y^{n+1})$
. .
, $(X_{A}, \alpha, \beta)$ $\Lambda-$ . ;
$\alpha^{*}=\alpha\otimes D(T)$ : $(X\otimes_{A}D(T))\otimes_{B}(H\otimes G\otimes_{A}D(T))_{B}arrow X\otimes_{A}D(T)_{B}$ ,
$\beta^{*}=\beta\otimes D(T)$ : $(X\otimes_{A}D(T))\otimes_{B}(T\otimes_{\text{ }}D(T))_{B}arrow X\otimes_{A}D(T)_{B}$ .
$(X\otimes_{\text{ }}D(T)_{B}, \alpha^{*}, \beta^{*})$ $\Gamma-$ . , $\Lambda\otimes_{A}D(T)\cong$
$D(T)\otimes_{B}\Gamma$ , $\Lambda D(T)_{\Gamma}$
, $(X\otimes_{A}D(T), \alpha^{*}, \beta^{*})\cong X\otimes_{\Lambda}D(T)_{\Gamma}\sim$ .
, $0arrow X_{A}arrow V(X)_{A}arrow W(X)_{A}arrow 0$ $V(X)_{A}\in C(T_{A}),$ $W(X)_{\text{ }}\in \mathcal{P}C(T_{\text{ }})$
, $(X\otimes_{A}D(T)_{B}, \alpha^{*}, \beta^{*})$ $Hom_{A}(T, V(X))\otimes_{B}\Gamma$ $\Gamma-$
. $Hom_{A}(\dot{T}, V(X))\otimes_{B}\Gamma$ B- , , 3
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$Hom_{A}(T, V(X))_{B},$ $Hom_{\text{ }}(T, V(X))\otimes_{B}H\otimes G\otimes_{A}D(T)_{B}$
$Hom_{A}(T, V(X))\otimes_{B}D(B)_{B}$
. $(X\otimes_{A}D(T), \alpha^{*}, \beta^{*})$ $Hom_{A}(T, V(X))\otimes_{B}\Gamma$ $\Gamma-$ $\theta$ 3
B- :
$\theta_{1}$ : $X\otimes_{A}D(T)arrow Hom_{A}(T, V(X))$ ,
$\theta_{2}$ : $X\otimes_{A}D(T)arrow Hom_{A}(T, V(X))\otimes_{B}H\otimes G\otimes_{A}D(T)$ ,
$\theta_{3}$ : $X\otimes_{A}D(T)arrow Hom_{A}(T, V(X))\otimes_{B}T\otimes_{A}D(T)$ .
3 . $V(X)$ $u$ : $Xarrow V(X)$
. $\theta_{1}$ $\theta_{3}$ trivial extension , $\theta_{2}$
, 3 .
$\theta_{1}$ : $X\otimes_{\text{ }}D(T)_{B}arrow Hom_{A}(T, V(X)_{B}$ $Hom$
$Hom_{A}(X\otimes_{A}D(T)\otimes_{B}T, X)\cong Hom_{B}(X\otimes_{A}D(T), Hom_{A}(T, X))$ $\beta$
$\beta^{b}$ : $X\otimes_{A}D(T)_{B}arrow Hom_{A}(T, X)_{B}$ , $Hom(T, u)$ : $Hom_{A}(T, X)_{B}$
$arrow Hom_{A}(T, V(X))_{B}$ $\theta_{1}$ .
$\theta_{3}$ : $X\otimes_{A}D(T)_{B}arrow Hom_{A}(T, V(X))\otimes_{B}T\otimes_{A}D(T)_{B}$ $V(X)_{A}\in C(T_{A})$
$\epsilon_{V(X)}^{T}$ : $Hom_{A}(T, V(X))\otimes_{B}Tarrow V(X)$ . , $\epsilon_{V(X)}^{T}\otimes D(T)$
, $u\otimes D(T)$ : $X\otimes_{A}D(T)_{B}arrow V(X)\otimes_{A}D(T)_{B}$ $(\epsilon_{V(X)}^{T}\otimes D(T))^{-1}$ :
$V(X)\otimes_{A}D(T)_{B}arrow\sim Hom_{A}(T, V(X))\otimes_{B}T\otimes_{A}D(T)_{B}$ $\theta_{3}$ .
$\theta_{2}$ : $X\otimes_{A}D(T)_{B}arrow Hom_{A}(T, V(X))\otimes_{B}H\otimes G\otimes_{A}D(T)_{B}$ $V_{A}\in C(T_{A})$ ,
$W_{\text{ }}\in \mathcal{P}C(T_{\text{ }})$ , $cw,v$ : $Hom_{A}(T, V)\otimes_{B}Hom_{\text{ }}(W, T)arrow\sim$
$Hom_{A}(W, V)$ . , $(c_{G,V(X)}\otimes D(H))^{-1}$ :
$Hom_{A}(G, V(X))\otimes D(H)_{B}arrow\sim Hom_{A}(T, V(X))\otimes_{B}Hom_{A}(G, T)\otimes D(H)_{B}$ .
${}_{B}H={}_{B}Hom_{A}(G, T)$ , $D(H)_{B}\cong G\otimes_{A}D(T)_{B}$ , $\sigma$ :
$Hom_{A}(T, V(X))\otimes_{B}Hom_{A}(G, T)\otimes D(H)_{B}arrow\sim Hom_{A}(T, V(X))\otimes_{B}H\otimes G\otimes$ $D(T)_{B}$
. $\beta^{b}$ ’: $X\otimes_{A}D(T)_{B}arrow Hom_{A}(H\otimes G, X)_{B}$
. , 6: $Hom_{A}(H\otimes G, X)_{B}arrow\sim Hom_{A}(G, X)\otimes D(H)_{B}$
. $Hom(G, u)\otimes D(H)$ $Hom_{A}(G, X)\otimes D(H)_{B}$ $Hom_{\text{ }}(G, V(X))\otimes D(H)_{B}$
.
$\sigma\cdot(c_{G,V(X)})^{-1}\cdot Hom(G, u)\otimes D(H)\cdot\delta\cdot\alpha^{b}$
$\theta_{2}$ .
, ,
$\theta$ : $X\otimes_{\Lambda}D(T)_{\Gamma}arrow Hom_{A}(T, V(X))\sim\otimes_{B}\Gamma_{\Gamma}$
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. $Cok(\theta)_{\Gamma}$ , $\theta$ $u$
, $u$ depend . , trivial extension




, stable module category
. , equivalence
. ,





exceptional cycle 1 Brauer quiver (exceptional vertex 1
Brauer tree 1 1 ) , DJK-algebra
stably equivalent , .
2 , $A$ , $X_{\text{ }}$ .
cycle arrow . , exceptional cycle
\langle arrow . $tarrow 1$ , path $1arrow 2arrow\cdotsarrow t$
. , 2 $X_{\text{ }}$ , $X_{A}$
$A$ ? . , 1
exceptional cycle cycle 1 arrow , $t$
cycle $t$ arrow . cycle
.
$A$ $X_{A}$ , $X_{A}\cong eA_{A}$ , $A$
$eA_{A}$ . $fT_{A}\cong eA_{A}$ $f\in B$ ,
4 . , $BTe\cong BBf$
. , $\Gamma$ exceptional cycle \Lambda ( $=$ DJK-algebra) exceptional cycle
vertices ,
, exceptional cycle Brauer quiver
, .
, , [16]
$A$-type iterated tilted algebra













$\bullet$ . , $K$ (V, $\varphi_{0},$ $\psi_{0}$ )
. , 2 Witt cancellation
theorem ?
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